Experiments with cold ion-atom mixtures have recently opened the way for the production and application of ultracold molecular ions. Here, in a comparative study, we theoretically investigate ground and several excited electronic states and prospects for the formation of molecular ions composed of a calcium ion and an alkali-metal atom: CaAlk + (Alk=Li, Na, K, Rb, Cs). We use a quantum chemistry approach based on non-empirical pseudopotential, operatorial core-valence correlation, large Gaussian basis sets, and full configuration interaction method for valence electrons. Adiabatic potential energy curves, spectroscopic constants, and transition and permanent electric dipole moments are determined and analyzed for the ground and excited electronic states. We examine the prospects for ion-neutral reactive processes and the production of molecular ions via spontaneous radiative association and laser-induced photoassociation. After that, spontaneous and stimulated blackbody radiation transition rates are calculated and used to obtain radiative lifetimes of vibrational states of the ground and first-excited electronic states. The present results pave the way for the formation and spectroscopy of calcium-alkali-metal-atom molecular ions in modern experiments with cold ion-atom mixtures.
I. INTRODUCTION
Cold mixtures of alkaline-earth-metal ions and alkalimetal atoms have recently emerged as a new field of research at the crossroad of quantum physics and chemistry [1] [2] [3] . Hybrid systems of trapped ions and ultracold atoms combined in a single experimental setup have opened the way for exciting applications ranging from studying cold collisions [4] [5] [6] [7] [8] and controlled chemical reactions [9] [10] [11] [12] [13] [14] [15] to quantum simulation of solid-state physics [16] [17] [18] and quantum computation [19] . Most of the cold ion-atom experiments use alkaline-earth-metal ions and alkali-metal or alkaline-earth-metal atoms because of their electronic structure favorable for laser cooling. Several cold atomic ion-atom combinations have already been experimentally investigated, including Yb + /Yb [20] , Ca + /Rb [21] , Ba + /Ca [22] , Yb + /Ca [23] , Yb + /Rb [5] , Ca + /Li [24] , Ca + /Rb [25] , Ca + /Na [26] , Sr + /Rb [27] , Yb + /Li [12] , Ca + /K [28] , Ba + /Rb [29] , and Rb + /Rb [6, 30] . Ca + ions are the most common choice because advanced methods of their manipulation and detection have been developed for quantum simulation and computation applications [31, 32] .
In cold ion-atom mixtures, diatomic molecular ions can be produced via collision-induced charge-transfer radiative association or light-induced photoassociation [10, [33] [34] [35] [36] [37] . The radiative association is predicted to dominate charge-transfer processes in most of the mixtures * hamidberriche@yahoo.fr † michal.tomza@fuw.edu.pl of alkaline-earth-metal ions and alkali-metal atoms. Until now, CaRb + [21, 25] , BaRb + [38] , CaYb + [23] , CaBa + [22] molecular ions were observed as products of cold collisions between respective atomic ions and atoms. On the other hand, Rb + 2 [39] and Ca + 2 [40] molecular ions were formed by the photoionization of ultracold molecules. Molecular ions, which possess a ro-vibrational structure, can likewise be employed to realize cold, controlled ion-atom chemistry [41] [42] [43] [44] [45] and precision measurements [46, 47] .
A mixture of Ca + ions and Na atoms was considered in the pioneering proposal, which suggested combining ions trapped in a Paul trap with ultracold atoms [10] . Such mixture was later experimentally realized [26] . Coulomb crystals of Ca + ions were immersed into ultracold Rb atoms to study radiative charge exchange and molecular ions formation [21, 25, 48] . Ca + ions were also experimentally studied in mixtures with ultracold Li atoms [15, 24, 49, 50] . In fact, Ca + /Li ion-atom combination is one of the most promising systems for reaching the quantum regime of ion-atom collisions [8] due to the favorable mass ration reducing the impact of micromotion-induced heating in hybrid traps [51] . Recently, a new apparatus with a mixture of laser-cooled Ca + ions in a linear Paul trap overlapped with ultracold K atoms in a magneto-optical trap was presented [28] . This setup incorporates a high-resolution time-of-flight mass spectrometer designed for radial extraction and detection of reaction products opening the way for detailed studies of the state-selected formation of CaK + molecular ions. While, the electronic structure of the ground and excited electronic states was already studied arXiv:2003.02813v1 [physics.atom-ph] 5 Mar 2020 for the CaLi + [15, [52] [53] [54] [55] [56] [57] , CaNa + [10, 52, 58, 59] , and CaRb + [35, 52, 60, 61] molecular ions, to the best of our knowledge, the structure of excited electronic states of the CaK + and CaCs + molecular ions has not been presented, yet.
Here, to fill this gap, in a comparative study, we investigate the electronic structure of the group of five diatomic molecular ions composed of a Ca + ion interacting with an alkali-metal atom: CaAlk + (Alk=Li, Na, K, Rb, Cs). We calculate ground and several low-lying excited electronic states using a theoretical quantum chemistry approach based on non-empirical pseudopotential, operatorial core-valence correlation, large Gaussian basis sets, and full configuration interaction method for valence electrons. Next, we employ electronic structure data to access prospects for field-free and light-assisted ion-neutral reactive processes and the formation of the considered molecular ions via spontaneous radiative association and laser-induced photoassociation. We discuss similarities and differences between considered systems. Finally, we calculate spontaneous and stimulated blackbody radiation transition rates together with radiative lifetimes of vibrational states of the ground and first excited electronic states.
This paper has the following structure. Section II describes the used computational methods. Section III presents and discusses obtained results, including electronic structure data and spontaneous charge transfer and radiative association rates. The radiative lifetimes of the ground and excited states are also presented there. The experimental implications of the presented calculations are analyzed in detail. To conclude, section IV summarizes our work.
II. COMPUTATIONAL DETAILS
In this work, we calculate non-relativistic potential energy curves within the Born-Oppenheimer approximation for the ground and excited electronic states of calciumalkali-metal-atom molecular ions: CaAlk + (Alk=Li, Na, K, Rb, Cs). To this end, we employ the ab initio approach, which was developed and presented previously in several works on alkali hydrides [62] [63] [64] [65] , alkali-metal dimers [66] [67] [68] [69] , alkaline-earth-metal hydrides [70] [71] [72] , and alkali-metal-alkaline-earth-metal molecular ions [73, 74] . The investigated CaAlk + molecular ions, thus, are treated effectively as two-electron systems with efficient non-empirical pseudopotentials in their semi-local form [75] used to replace core electrons. Additionally to the pseudopotential treatment, the self-consistent field (SCF) computations are followed by a full valence configuration interaction (FCI) calculations using the CIPCI algorithm (Configuration Interaction by Perturbation of a multiconfiguration wave function Selected Iteratively) of the standard succession of programs developed by the "Laboratoire de Chimie et Physique de Toulouse". The core-valence electronic correlations between the polariz-able Ca 2+ core with the valence electrons and polarizable Alk + cores are included by using core polarization potentials (CPP) [76] .
Valence electrons are described with large Gaussian basis sets. For Ca the (8s, 7p, 7d)/[8s, 7p, 5d] basis set developed in Ref. [71] [62] [63] [64] [65] [66] [67] [68] [69] . The core polarizabilities of the Ca + ion and alkali atoms are taken to be α Ca 2+ = 3.1717 a 3 0 , α Li + = 0.1917 a 3 0 , α Na + = 0.9930 a 3 0 , α K + = 5.457 a 3 0 , α Rb + = 9.245 a 3 0 and α Cs + = 15.117a 3 0 [62-69, 71, 77] . Employed models reproduce atomic properties with good accuracy when compared with previous theoretical results and experimental measurements [62] [63] [64] [65] [66] [67] [68] [69] .
In the present work, the interaction of the considered alkali-metal and alkaline-earth-metal atoms and ions in the ground and different excited electronic states results in different molecular electronic states of the singlet or triplet Σ + , Π, and ∆ symmetries. The lowest seven atomic thresholds for each of the considered CaAlk + molecular ions, together with their valence energies and associated molecular electronic states, are collected in Table I . The calculated energies of Ca + ( 2 S)+Alk( 2 S) limits, which describe essential ground-state collisions of alkaline-earth-metal ions with alkali-metal atoms, agree very well (within 5 cm −1 ) with experimental values. Description of the 1 D and 3 D excited electronic states of the Ca atom is the most challenging with discrepancies of 597 cm −1 and 566 cm −1 for related atomic limits, respectively. Nevertheless, the overall agreement is good, suggesting good accuracy of molecular calculations.
The spectroscopic constants are extracted from the ab initio points interpolated using the cubic spline method. The permanent and transition electric dipole moments are calculated as expectation values of the dipole operator with the calculated electronic wavefunctions. The z axis is chosen along the internuclear axis and is oriented from a Ca atom to an alkali-metal atom. The origin is set in the center of mass. Masses of the most abundant isotopes are assumed within the paper.
The time-independent Schrödinger equation for the nuclear motion is solved using the renormalized Numerov algorithm [78] for both bound [62] and continuum states [34] . Rate constants for elastic scattering and inelastic charge-exchange reactive collisions are calculated as implemented and described in Refs. [34, 79] . The wave functions are propagated to large interatomic distances, and the K and S matrices are extracted by imposing the long-range scattering boundary conditions in terms of the Bessel functions. The elastic rate constants and scattering lengths are obtained from the S matrix for the entrance channel, while inelastic rate constants are computed using the Fermi golden rule type expressions based on the Einstein coefficients between bound and continuum nuclear wave functions of relevant electronic states. The radiative lifetimes τ v of vibrational levels v, τ v = 1/Γ v , are calculated from the radiative rates Γ v = v <v A vv + v B vv , which are given by the sums of the Einstein coefficients for the spontaneous emission A vv and coefficients for the absorption and stimulated emission B vv . The coefficients for the spontaneous emission A vv ∼ ω 3 vv d 2 vv are proportional to the third power of the transition frequencies ω vv and second power of the transition dipole moments d vv between the initial v and the final v vibrational states. The coefficients for the absorption and stimulated emission are proportional to the coefficients for the spontaneous emission and the spectral energy density of the present black body radiation [81, 82] . The bound-continuum transitions are included either using the Franck-Condon ap- proximation [81] or the sum rule approximation [83] , and both methods give the same results.
III. RESULTS AND DISCUSSION

A. Potential energy curves
Potential energy curves (PECs) for the ground and several excited electronic states of the CaLi + , CaNa + , CaK + , CaRb + , and CaCs + molecular ions are presented in Figs. 1-6. All electronic states correlated with the seven lowest atomic thresholds of each system are investigated (see Table I ). Thus, several singlet and triplet electronic states of the Σ + , Π, and ∆ spatial symmetries are studied. Spectroscopic characteristics of calculated PECs, i.e. equilibrium interatomic distances R e , well depths D e , transition energies T e , harmonic constants ω e , anharmonicity constants x e , and rotational constants B e , are collected in Tables II-VI. Results for excited states of the CaK + and CaCs + molecular ions are reported for the first time, while spectroscopic constants for other systems are compared with previous available results.
Interactions between the ground-state Ca + ion and ground-state alkali-metal atom are described by the 1 Σ + and 3 Σ + electronic states and govern ground-state colli- 
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sions in respective hybrid ion-atom experiments [1] . For all considered mixtures, these states are electronically excited, and the radiative charge-transfer and association processes are energetically allowed and may lead to collisional losses [79] leading to the 1 Σ + ground electronic state. Therefore in Fig. 1 , we present and compare electronic states correlated with Ca + ( 2 S)+Alk( 2 S) and Ca( 1 S)+Alk + ( 1 S) atomic thresholds, and transition electric dipole moments between the two lowest 1 Σ + electronic states, which drive radiative losses. Corresponding rate constants for reactive collisions are presented in Sec. III D.
The ground-state proprieties of the CaAlk + molecular ions are similar to those predicted for the SrAlk + sys- 
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Ca ( tems [74] . The 1 1 Σ + ground electronic state dissociate into Ca( 1 S)+Alk + ( 1 S). Therefore, its long-range behavior is very similar for all considered molecular ions and is determined by the induction interaction of the charge of the alkali-metal ion with the polarizability of the Ca atom (see Fig. 1(b) ). The short-range behavior depends more on the involved alkali-metal ion and have covalent bonding nature. The well depth decreases with the mass of the alkali-metal ion from 9986 cm −1 for CaLi + to 3174 cm −1 for CaCs + , while the equilibrium distance increases with the mass of the alkali-metal ion from 6.11 bohr for CaLi + to 8.34 bohr for CaCs + . The presented ground-state PECs can be compared with recent results calculated with the small-core pseudopotentials and coupled cluster method [52] . The well depths obtained with the two methods agree with the mean absolute difference of 68 cm −1 (1.7%), while the equilibrium distances agree with the mean difference of 0.084 bohr (1.1%). Calculations with large-core pseudopotentials give slightly smaller equilibrium distances and deeper well depths, but the overall good agreement cross validates both approaches and suggests that similar accuracy may be expected for excited electronic states. The agreement with older results collected in Tables II-VI is also satisfactory.
The energy difference between the lowest Ca( 1 S)+Alk + ( 1 S) and Ca + ( 2 S)+Alk( 2 S) dissociation thresholds increases with the mass of alkali-metal atom from 5819 cm −1 for CaLi + to 17880 cm −1 for CaCs + . The well depth of the 2 1 Σ + state dissociating into Ca + ( 2 S)+Alk( 2 S) increases with the mass of alkalimetal atom from 411 cm −1 for CaLi + to 1574 cm −1 for CaCs + , while the equilibrium distance decreases slightly from 13.74 bohr for CaLi + to 12.92 bohr for CaCs + . The 2 1 Σ + electronic state is relatively shallow because of its non-bonding nature around the equilibrium distance and avoided crossing with the ground 1 1 Σ + electronic state. The 3 Σ + electronic state associated with the Ca + ( 2 S)+Alk( 2 S) atomic threshold is the lowest triplet state for the CaLi + , CaNa + , and CaK + molecular ions, while it is the first excited triplet state for the CaRb + and CaCs + molecular ions. The change of the order of the Ca + ( 2 S)+Alk( 2 S) and Ca( 3 P )+Alk + ( 1 S) atomic thresholds in CaRb + and CaCs + visibly affects their 3 Σ + electronic states dissociating into Ca + ( 2 S)+Alk( 2 S), which are much shallower because of avoided crossing with lower lying 3 Σ + states (see Fig. 1(a) ). Thus, no clear trend is observed for the lowest 3 Σ + electronic states. For example, the well depth and equilibrium distance of the first 3 Σ + state in CaK + is 7275 cm −1 and 8.58 bohr, respectively.
The density of electronic states increases with the excitation energy, and for all investigated molecular ions, several avoided crossings between excited states of the same electronic symmetry can be found. Strong radial nonadiabatic couplings between involved electronic states can be expected. Some of the excited atomic thresholds are close together that furthermore facilitates inter- actions between associated electronic states. As a result, several excited states have double-well structures. For example, all 2 3 Σ + states are significantly repulsive at the short-range distances, partially due to broad avoided crossing with 1 3 Σ + states, and thus they intersect with attractive 3 3 Σ + states, forming narrow avoided crossings at the short range. Avoided crossings between 2 1 Σ + , 3 1 Σ + , and 4 1 Σ + at short-and intermediate-range distances are also pronounced. Additionally, electronic states of different spin and spatial symmetries intersect with each other. These crossings may become avoided crossings if relativistic spin-orbit couplings would be included, which is out of the scope of this paper. Avoided and real crossings may provide mechanism for efficient non-radiative and non-adiabatic charge transfer between ions and atoms in excited electronic states [23, 60, 84, 85] .
Spectroscopic constants of calculated excited electronic states for the investigated molecular ions are collected in Tables II-VI. Results for excited electronic states of the CaK + and CaCs + molecular ions are reported for the first time, while spectroscopic constants for other systems can be compared with previous available theoretical results [10, 15, 35, [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . Similarly as for the ground electronic state, the results for the excited states obtained with different computational methods agree reasonably well. Both well depths and equilibrium distances mostly agree within several percent. In the case of the CaLi + molecular ion, the present results agree very well with the results of Refs. [15, 54] , while well depths seem to be underestimated in calculations presented in Ref. [53] , which employed a single-reference method. For the CaNa + molecular ion, the present results agree very well with the results of Refs. [58, 59] , while the agreement is worse with calculations presented in Ref. [10] , which employed smaller basis sets. In the case of the CaRb + molecular ion, the present results also agree well with the results of Refs. [35, 60, 61] . The overall good agreement between the present and previous calculations for the CaLi + , CaNa + , and CaRb + molecular ions suggests that similar accuracy may be expected for our results for the CaK + and CaCs + molecular ions, which have not yet been studied. Electronic structure data for the CaLi + , CaNa + , and CaRb + molecular ions were successfully employed to guide and interpret experimental measurements [15, 21, [24] [25] [26] [48] [49] [50] . Presented potential energy curves for the CaK + and CaCs + molecular ions may correspondingly find similar applications, e.g., in the context of experimental studies of a mixture of laser-cooled Ca + ions in a linear Paul trap overlapped with ultracold K atoms in a magneto-optical trap as presented recently in Ref. [28] .
B. Permanent and transition electric dipole moments
The permanent and transition electric dipole moments (PEDMs and TEDMs) determine the interaction of atomic and molecular systems with static and dynamic electric fields, including the laser field. Thus, their knowl- edge is essential for predicting molecular spectra, lifetimes, and formation schemes. Here, we calculate permanent electric dipole moments for all investigated electronic states of the CaLi + , CaNa + , CaK + , CaRb + , and CaCs + molecular ions, as well as all transition electric dipole moments between electronic states of the same spin and spatial symmetries. Transition electric dipole moments between the two lowest 1 Σ + states of the CaAlk + molecular ions are presented in Fig. 1(c) . Their functions have quite similar shapes and values. They govern the radiative chargetransfer and association processes in ground-state collisions between Ca + ions and alkali-metal atoms which are studied in Sec. III D.
Permanent electric dipole moments of the two lowest 1 Σ + electronic states, i.e., 1 Σ + states dissociating into the Ca( 1 S)+Alk + ( 1 S) and Ca + ( 2 S)+Alk( 2 S) atomic thresholds, and of the 3 Σ + electronic state associated with the Ca + ( 2 S)+Alk( 2 S) atomic threshold are presented in Fig. 7 for all investigated molecular ions. Values of the permanent electric dipole moments for charged molecules depend on the choice of the coordinate-system origin. Here, they are calculated with respect to the center of mass, which is a natural choice for investigating the rovibrational dynamics. Their absolute values increase with increasing internuclear distance and asymptotically approach the limiting cases where the charge is completely localized at one of the atoms. This behavior is typical for heteronuclear molecular ions and implies that even molecular ions in very weakly bound states have effectively a significant permanent electric dipole moment in contrast to neutral molecules [79] . The difference between the calculated values and the limiting cases is the interaction-induced variation of the permanent electric dipole moment or, in other words, the degree of charge delocalization. Curves for the 1 Σ + electronic states are smooth and their asymptotic behaviors reflect the change of the center-of-mass position for different molecular ions. The degree of charge delocalization increases with the mass of the alkali-metal atom according to the increasing difference of the electronegativity of the Ca and alkalimetal atoms. Different asymptotic behaviors for the 1 1 Σ + and 2 1 Σ + states reflect the different charge localization for the Ca( 1 S)+Alk + ( 1 S) and Ca + ( 2 S)+Alk( 2 S) atomic thresholds. Curves for the 3 Σ + electronic state of the CaRb + and CaCs + molecular ions show irregularities due to avoided crossings with nearby-lying states.
Permanent electric dipole moments of all investigated electronic states of the CaK + molecular ion are presented in Fig. 8 , while transition electric dipole moments between electronic states of this molecular ion are plotted in Fig. 9 . PEDMs and TEDMs for other studied molecular ions are collected in Supplemental Material. For PEDMs, two families of curves associated with two possible arrangements of the charge at the Ca + +Alk and Ca+Alk + atomic thresholds can be identified. The short-range deviations from the asymptotic behavior give information about charge exchange and delocalization due to interatomic interactions. The shapes of calculated PEDM and TEDM curves and their irregularities at short-range distances can be directly associated with avoided crossings between corresponding potential energy curves, that confirms strong interactions between involved electronic states. The knowledge of changing physical character of electronic states may be useful to predict and explain channels of non-radiative charge-transfer processes. TEDMs at large distances drop to zero when two associated atomic thresholds have different charge arrangements or related atomic excitations are dipole-forbidden. They asymptotically tend to the atomic values only in case of atomic thresholds connected by dipole-allowed transitions.
C. Vibrational levels
We use the present PECs to calculate corresponding vibrational states. In Figure 10 , we present the energy spacings between the adjacent vibrational levels (E v − E v−1 ) of the ground and excited 1 Σ + electronic states of the investigated CaAlk + molecular ions. For the ground electronic state, there are 86, 103, 114, 125, and 126 vibrational levels for the CaLi + , CaNa + , CaK + , CaRb + , and CaCs + molecular ions, respectively. The number of vibrational levels increases with the mass of the involved alkali-metal atom, despite the decreasing potential well depth (see Fig. 1(b) ), because the effect of the increasing mass dominates. The spacing between vibrational levels diminishes gradually with a vibrational energy that reflects the strong anharmonicity of the PECs. The overall pattern of energy spacings of different electronic states for different molecular ions is similar. For some states, however, irregularities related to the avoided crossings are visible, e.g., for the 3 1 Σ + state of CaK + , CaRb + , and CaCs + . 
D. Spontaneous and light-assisted ion-neutral charge-transfer processes
Interactions and collisions of laser-cooled trapped Ca + ions with ultracold alkali-metal atoms are of the highest importance for experimental realizations of ultracold ionatom mixtures [10, 15, 21, 24-26, 28, 48-50] . Even if both the Ca + ion and alkali-metal atom are in their electronic ground states, the collision-and interaction-induced radiative charge rearrangement is possible in the form of the radiative charge transfer (RCT)
where the electron is spontaneously transferred from the alkali-metal atom to the Ca + ion emitting a photon of energy ω and the radiative association (RA)
where the CaAlk + molecular ion in the (v, j) rovibrational level of the electronic ground state is sponta-neously formed. The interaction between the ground-state Ca + ion and alkali-metal atom both in the 1 Σ + and in the 3 Σ + states at large distances is dominated by the induction term
where the leading long-range induction coefficient C 4 = 1 2 e 2 α Alk is given by the static electric dipole polaizability of the alkali-metal atom α Alk . This long-range interaction determines the characteristic length scale R 4 = 2µC 4 / 2 and the related characteristic energy scale E 4 = 2 /2µR 2 4 [1] . These quantities are relevant for ultracold ion-atom collisions because the length scale R 4 establishes the order of magnitude of typical ion-atom scattering lengths while the energy scale E 4 determines the quantum regime of s-wave collisions [8] . Table VII collects the long-range coefficients, characteristic lengths, and characteristic energies of the ground-state ion-atom interaction for the investigated mixtures. The character- istic lengths are from 1337 bohr for Ca + +Li to 4706 bohr for Ca + +Cs, and they are an order of magnitude larger for ion-atom systems as compared with neutral counterparts. The characteristic energies are from 0.13 µK for Ca + +Cs to 8.12 µK for Ca + +Li, and they are two orders of magnitude smaller as compared with neutral counterparts. This is one of the reasons, together with inelastic losses and micromotion-induced hearing in the Paul trap [51] , why the realization of ion-atom collisions in the quantum regime is very challenging [8] .
To produce and study the considered ion-atom mixtures in the quantum regime, the ion, after initial laser cooling, should be subsequently cooled sympathetically via elastic collisions with surrounding ultracold neutral gas [8, 29, 50] . Such a scheme is feasible only if rates for elastic scattering are significantly larger than rates for inelastic collisions. Therefore, in Fig. 11 , we present rate constants for elastic and radiative inelastic collisions between the Ca + ion and alkali-metal atoms in the 2 1 Σ + electronic state as a function of the collision energy. We assume typical scattering length of a s = R 4 in the entrance channel, while the results do not depend on the scattering length in the exit channel. Rate constants for small collision energies and pattern of shape resonances depend strongly on the scattering length, but the overall magnitude of rate constants does not depend on it.
In the range of investigated collision energies, the rate constants for the elastic scattering K el for all systems have similar values of around 10 −8 cm 3 /s. Because the same scattering length (in unites of the characteristic length) is assumed for all Ca + +Alk mixtures, the pattern of shape resonances is very similar for all systems, however positions of shape resonances are scaled according to the characteristic energies. Similarly to other ionatom systems [33-35, 84, 86] , shape resonances are more pronounced for inelastic rate constants, however if the thermal distribution of collision energies is assumed, the thermal averaging removes energy dependence for temperatures larger than 1 mK in agreement with predictions of the classical Langevin capture theory [87] . The magnitude of the rate constants for the radiative association K RA and charge transfer K RCT depends on the system. In Table VIII , we collect thermally averaged rate constants for the radiative association and radiative chargetransfer collisions in the investigated mixtures compared with the Langevin rate constants K L = 2π 2C 4 /µ. Similarly as for other alkaline-earth-metal-alkali-metal ionatom systems [15, 34, 35] , the rate constants for the radiative losses are at least 10 4 times smaller than Langevin and elastic rate constants. The radiative rates constants increase with the mass of the alkali-metal atom according to the increasing energy of an emitted photon. At the same time, the radiative association is 53, 38, 3.1, 2.4, and 1.6 times more probable than the radiative charge transfer for Ca + +Li, Ca + +Na, Ca + +K, Ca + +Rb, and Ca + +Cs collisions, respectively.
Radiative association rate constants as a function of the energy of the final ro-vibrational level in the 1 1 Σ + electronic ground state for the Ca + ion colliding with the alkali-metal atoms in the 2 1 Σ + state are presented in Fig. 12 . For all systems, the formation of molecular ions in vibrational levels from the middle of the spectrum is the most probable. For example, the formation of molecular ions in vibrational levels with the vibrational quantum number around v = 46, v = 28, and v = 13 and the binding energy around 1595 cm −1 , 2033 cm −1 , and 2361 cm −1 are the most probable for CaLi + , CaK + , and CaCs + , respectively. The molecular formation probability decreases gradually for decreasing binding energies and is strongly suppressed for binding energies larger than 2500 cm −1 because of the interplay between Franck-Condon factors between vibrational levels of the 2 1 Σ + and 2 1 Σ + electronic states and transition electric dipole moment between them (see Fig. 1 ). Interestingly, more deeply bound molecular ions can be formed for heavier alkali-metal atom despite they have smaller potential well depths.
In a field-free case, where all spin orientations are present, the described above reactive collisions governed by the 2 1 Σ + electronic state constitute 25% of scattering. Remaining collisions are governed by the 3 Σ + state, which for Ca + +Li, Ca + +Na, and Ca + +K is free from radiative losses. For Ca + +Rb and Ca + +Cs the radiative losses are also possible from the 3 Σ + state but they should be much less probable than radiative losses from the 1 Σ + state because of much smaller energies of realized photons. The radiative association and charge transfer are expected to be a dominant loss mech- anism for the ground-state Ca + +Li and Ca + +Na collisions, because the entrance atomic threshold is well separated from lower and higher lying electronic states in these systems. In the case of Ca + +K collisions, the radiative processes should also be most important however the coupling with the 1 3 Π state may affect them.
In the case of Ca + ( 2 S)+Rb( 2 S) collisions, nonradiative charge-transfer losses were observed [21, 60] as a dominant mechanism because of strong nonadiabatic couplings with below nearby-lying electronic states associated with the Ca( 3 P )+Rb + ( 1 S) atomic threshold. In the case of Ca + +Cs collisions, more balanced interplay between radiative and nonradiative processes can be expected. Detailed studies of the nonradiative collisional dynamics are out of the scope of this paper. If the Ca + ions or alkali-metal atoms are excited by a laser field, the light-induced charge-transfer and association processes are possible Ca + + Alk + ω → Ca + Alk + ,
where a laser field can be employed to directly stimulate the transition to the ground electronic state [34, 37] or to excite the ion-atom system to higher excited states [36] .
In the latter case, both radiative and nonradiative deexcition processes can happen depending on the structure of excited electronic states. Nonradiative deexcition can be driven by nonadiabatic couplings between electronic states of the same symmetry or spin-orbit couplings between electronic states of different symmetry. If the ionatom system is excited to higher-lying atomic thresholds, then the sequence of radiative and nonradiative deexcitations trough intermediate excited electronic states can also be envisioned [36] . The calculated potential energy curves and transition electric dipole moments can be employed to predict and interpret experimental measurements. Various rate constants for charge-transfer collisions between excited-state Ca + ions and Li [15] , Na [26] , and Rb [21] atoms were measured and rationalized based on the structure of real and avoided crossings between involved molecular electronic states at short distances. For all investigated systems, exciting both Ca + ion to the 2 D or 2 P states and alkali-metal atom to the 2 P state significantly enhances the charge-transfer rate constants from negligible to significant fraction of the Langevin rate constant. For example, in Fig. 2 and Fig. 3 , the Ca + ( 2 D)+Li( 2 S) and Ca + ( 2 D)+Na( 2 S) atomic thresholds and associated molecular electronic states are closely surrounded by several electronic states. Similar light-assisted enhancements of charge transfer can also be expected for Ca + +K and Ca + +Cs collisions.
The interplay between photoassociation into excited weakly bound molecular ions and subsequent deexcition to the ground-state molecular ions or competitive dissociative charge transfer can be expected for collisions in the laser field [34, 36, 37] . The Ca( 2 S)+Alk( 2 P ) atomic thresholds are relatively well separated from other thresholds in the considered systems. This opens the way for photoassociation spectroscopy and molecular ion formation similar as in alkali-metal gases [88] . The existence of several charge-transferred atomic thresholds may also allow for short-range photoassociation schemes. For example, the Ca( 3 P )+Li + ( 1 S) and Ca( 3 P )+Na + ( 1 S) atomic thresholds are well separated from other asymptotes, and the relevant 1 3 Σ + and 2 3 Σ + electronic states have a similar shape and are connected by the large transition dipole moment at the short range. Finally, magnetic Feshbach resonances in the ground electronic state can be employed to enhance molecular ion formation rates. Detailed studies of the photoassociation and magnetoassociation schemes, however, are out of the scope of this paper.
E. Radiative lifetimes
We use the present PECs, PEDMs, and TEDMs to calculate the lifetimes of vibrational states of the ground and first excited 1 Σ + electronic states of the considered CaAlk + molecular ions. These lifetimes may be useful to assess prospect for the formation and spectroscopy of calcium-alkali-metal-atom molecular ions in modern experiments with cold ion-atom mixtures. The lifetimes of vibrational levels of the first excited 1 Σ + electronic state are presented in Fig. 13(a) and are governed by the transition electric dipole moment to the ground electronic state associated with emitting an optical photon. This transition moment is significant at short internuclear distances and decreases exponentially with the increasing internuclear distance (see Fig. 1(c) ). Therefore, the lowest vibrational levels have lifetimes in the range of tens to hundreds of nanosecond (between 22 ns for CaCs + and 335 ns for CaLi + for the lowest vibrational level), while the most weakly bound levels have lifetimes exceeding microseconds. The lifetimes increase with the vibrational number and decrease with the increasing mass of the alkali-metal atom.
The lifetimes of vibrational levels of the ground 1 Σ + electronic state are presented in Fig. 13(b) and are governed by its permanent electric dipole moment responsible for weak transitions between different vibrational levels associated with emitting microwave photons. In the case of these transitions, both relatively weak spontaneous emission and stimulated by the black body radiation absorption and emission have to be included.
We assume the black body radiation spectrum with the temperature of 300 K. The lifetimes of the lowest and the most-weakly-bound vibrational levels exceed ten seconds (between 9 s for CaLi + and 77 s CaCs + for the lowest vibrational level), while other levels have lifetimes of the order of one second. The interplay between the spontaneous and stimulated transitions can be seen in Fig. 13(c) , where we compare the spontaneous and stimulated transition rates for the vibrational levels of the ground 1 Σ + electronic state of the CaAlk + molecular ions. The present lifetimes have similar characteristics as comparable results for other neutral and ionic dimers [89, 90] .
IV. CONCLUSION
Motivated by recent experimental studies on ultracold mixtures of Ca + ions immerse in alkali-metal atoms, in a comparative study, we have investigated the electronic structure and the prospects for the formation of the molecular ions composed of a calcium ion and an alkali-metal atom: CaAlk + (Alk=Li, Na, K, Rb, Cs). We have used the theoretical quantum chemistry approach based on non-empirical pseudopotential, operatorial core-valence correlation, large Gaussian basis sets, and full configuration interaction method for valence electrons. We have calculated adiabatic potential energy curves, spectroscopic constants, and transition as well as permanent electric dipole moments for the ground and several excited singlet and triplet electronic states of the Σ + , Π, and ∆ spatial symmetries. Next, the electronic structure data have been employed to examine the prospects for the ion-neutral reactive processes and production of molecular ions via spontaneous radiative association and laser-induced photoassociation. Finally, we have calculated the radiative lifetimes of vibrational states of the ground and first excited electronic states.
Our results are in good agreement with the previous theoretical studies of the electronic structure of the ground and excited electronic states of the CaLi + [15, [52] [53] [54] [55] [56] [57] , CaNa + [10, 52, 58, 59] , and CaRb + [35, 52, 60, 61] molecular ions, which confirms the accuracy of the employed computational approach. The structure of the excited electronic states of the CaK + and CaCs + molecular ions is reported here for the first time. The rate constants for the radiative charge transfer and association in the ground-state collisions of the Ca + ion and alkali-metal atom are predicted to be much smaller than the rate constants for elastic scattering for all the considered systems. They are also predicted to increase with the mass of the alkali-metal atom. For the groundstate Ca + +K collisions, radiative losses should be the main source of losses, negligible for buffer gas cooling or other applications. For the ground-state Ca + +Cs collisions, the interplay between radiative and nonradiative charger-transfer processes is expected. The radiative association leads to the formation of ground-state molec-ular ions with binding vibrational energies in the range of 1500-2500 cm −1 and is predicted to be more probable than radiative charge transfer. For all the systems, the excited-state inelastic collisions are expected to be much faster than the ground-state ones. Based on the electronic structure, photoassociation schemes based on both short-range and long-range excitations can be envisioned. The radiative lifetimes of vibrational states of the ground and first excited electronic states are found in the range of 0.1-100 s and 10 ns-10 µs, respectively. The present results may be useful and pave the way for the formation and spectroscopy of calcium-alkali-metal-atom molecular ions in modern experiments with cold ion-atom mixtures. In the future, the presented computational scheme will be employed to study excited electronic states in triatomic molecular ions.
The full potential energy curves, permanent and transition electric dipole moments as a function of interatomic distance in the numerical form are available for all investigated systems from the authors upon request.
